Ahstraet-A linear perturbation method is used to solve the two-dimensional heat conduction problem in which a liquid, initially at the melting temperature, becomes solidified by heat transfer to a plane mold the temperature of which is approximately uniform, but contains a small sinusoidal perturbation in one space dimension. Results are obtained for the consequent sinusoidal perturbation in the melt/solid boundary as a function of time and for the temperature distribution throughout the solid shell. These results are expressed in terms of a series of coniluent hypergeometric functions which shows good convergence for practical values of material properties and temperatures. The inverse problem, in which the melt/solid boundary is prescribed and the mold temperature is to be determined, is also briefly discussed.
INTRODUCTION THE PROBLEM of heat conduction in a body with melting or solidification-also known as the Stefan problem [l]-is
of considerable practical importance, because of applications to the processes of casting, welding and the formation of ice.
The motion of the boundary between the solid and liquid phases makes the problem inherently nonlinear and hence only the simplest boundary value problems can be treated by analytical methods [2, 31. Neumann's solution [4] to the one-dimensional problem of solidification in a semi-infinite region remains one of the few exact solutions available. Approximate analytical solutions have been obtained by a variety of techniques, such as the use of the heat balance [5], variational [6] , and embedding methods [7] . Also, many problems have been investigated by numerical methods, notably the finite difference [8, 9] and finite element methods [ 10, 111. In the casting process, solidification is effected by the transfer of heat from the melt through the mold to the surroundings. Thus, solidification starts at the mold surface and a shell of solidified material grows from this surface towards the center of the casting. The growth of this shell is often found to be nonuniform [12] , even in nominally one-dimensional solidification, in which case residual stresses will be developed tending to produce waviness in the nominally plane cast surface. This non-uniform shell growth could be a response to a pre-existing nonuniformity in mold temperature, but Richmond and Huang [13] have noted that the mold temperature itself is also influenced by the contact conditions between the shell and the mold. Thus, it is possible that a small spatial perturbation in mold temperature could be unstable, due to thermomechanical coupling. Instabilities of this kind have already been reported for the onedimensional conduction of heat across an interface between two thermoelastic half-spaces [ 141.
In this paper, we investigate heat conduction problems in which one-dimensional solidification is perturbed by the superposition of a small spatial sinusoidal variation in temperature parallel to the plane of the mold surface. In particular, we shall obtain solutions for the temperature field and the advance of the solid/melt boundary for the case where the mold temperature varies sinusoidally with position. We also briefly discuss the inverse problem, in which the solid/ melt boundary has a prescribed sinusoidal shape as a function of time and the corresponding mold temperature is to be found. The solution is developed by linear perturbation of Neumann's solution [4] for planar solidification. Perturbation methods have previously been applied to the solidification problem by Pedroso and Domoto [15] and Mullins and Sekerka
U61.

MATHEMATICAL FORMULATION
We consider the two-dimensional problem of a liquid initially at its melting temperature T,, in the half-space y > 0, in perfect thermal contact with a plane mold at y = 0, the temperature of which F(x, t) (< Ta is a prescribed function of one space coordinate and time, t. After a time t, the liquid solidified near the mold forms a solid shell of thickness h(x, t). Thus, h(x, t) defines the moving interface between the solid and liquid phases as shown in Fig. 1 . We assume that the density p, thermal diffusivity k, conductivity K, and specific heat c of the solid phase are constant, independent of temperature and time.
The temperature of the solid T(x, y, 1) must satisfy the heat conduction equation 
and the problem reduces to Neumann's problem, with the well-known solution [4] and the boundary conditions
where L is the latent heat of fusion of the material. Equation (2) states that there must be continuity of temperature at the solid/melt interface, while equation (3) defines an energy balance between the heat conducted away from the interface into the solid and the latent heat released during solidification. The temperature of the solid/mold interface is prescribed by equation (4).
In the special case where the F(x, t) is a constant (= T& the temperature becomes independent of x ho(t) = nJWW (6) where AT,, = T,-Tt and 1 is a dimensionless constant determined from the equation CA To 1 e'* erf 1 = -Lb which is derived from boundary condition (3). For the case of the freezing of water by conduction of heat to the surroundings a few degrees below the freezing point, 1 is small. However, for materials with high melting points, such as metals and rocks cooled by contact with a surface near room temperature, 1 is typically in the range 0.5 < 1~ 1 [4] . We now consider the case in which the prescribed mold temperature is of the form (8) where the second term detines a small sinusoidal perturbation on the constant temperature, T$. Notice that the perturbation must be small in comparison with the temperature dzsrence between the melt and the mold, i.e. T:(t) c.< AT,,.
F(x, t) = Tt+ T:(t) cos (mx)
We anticipate a corresponding small perturbation in the temperature field and the thickness of the solidified layer, which can be expressed through the equations T(x, y, 4 = Tdy, 0 + T, (Y, 0 cos (mx) ;
h(x,t) = h&)+h,(t)cos(mx); ho(t) >> h,(t). (10)
Substituting these equations into equation (1) and separating periodic and uniform terms in x, we obtain c?*T, 1 aT, ay'
Since the perturbation is small, we can expand the temperature field in the vicinity of the mean solid/melt interface position, y = h,(t), in the form of a Taylor series, in which case boundary condition (2) can be written as
Separating periodic and uniform terms and dropping second-order and product terms in the small quantities, T,, h ,, we obtain the two first-order equations
h,(t) aTo(ho, 0
A similar procedure applied to boundary condition (3) also yields the two equations
Finally, the solid/mold boundary condition (4), with equation (8), gives the two equations
T,(O, t) = T:(t). (19)
Governing equation (11) with boundary conditions (14), (16) , and (18) are clearly identical to those of the classical Neumann problem and hence To, ho are given by equations (5)-(7). The remaining equations (12), (15) , (17), and (19) then define a corresponding problem for the perturbed quantities, T,, h,. We note that if the expansion of equation (13) had been taken to include second-order small quantities, equation (14) would include a term involving T, and it would also be necessary to introduce a further perturbation term varying with cos (2mx). Thus, for larger perturbations, the mean advance of the solid/ melt interface deviates from the Neumann solution and the perturbed shape of the solidified shell ceases to be sinusoidal.
Dimensionless formulation
Before proceeding to the solution for T,, h,, it is convenient to introduce the dimensionless variables y=Y .,'(4kO
Governing equation (12) for T, ( Y, r) then becomes
and boundary conditions (15), (17), and (19) become
respectively, where A = L/c is a material constant with the dimension of temperature and the terms involving To in equations (15) and (17) have been simplified using equations (5)-(7). We can eliminate H,(r) in equations (22) and (23) to obtain +;$(i,r) = 0. (25) Thus, the problem is reduced to the determination of a function T, (Y, z) which satisfies equation (21) and boundary conditions (24) and (25), after which the unknown protile of the solid/melt interface can be recovered from equation (22). We first seek particular solutions to equation (21) in the separated variable form T,( Y, z) = f (Y)g(r).
With some rearrangement, equation (21) can then be written as
where a prime denotes the derivative with respect to the appropriate argument. Since the right-and lefthand sides of equation (26) have di@erent independent variables, both sides must be equal to a constant a. Hence we have two ordinary differential equations 
where @ is the confluent hypergeometric function [ 171 and A, a, b are arbitrary constants. A more general solution can now be obtained by superposing solutions of this form, treating a as a parameter. For example, writing it = a/4, we can define a solution to equation (21) (32) where A, and B. are unknown constants to be determined from boundary conditions (24) and (25). We note that the 8rst hypergeometric function in equation (32) can be written in terms of an Hermite polynomial using [17], 13.6.17.
Direct problem-prescribed T:(z)
We consider the case where the perturbed temperature. at the solid/mold interface varies exponentially in time and sinusoidally in space, i.e.
T:(T) = F, P (33)
where F, is a constant with the dimensions of temperature and p a dimensionless constant. The particular case in which T: is independent of time can be recovered by setting p = 0. Equations (24), (25) and (32) It can be shown from the asymptotic properties of the hypergeometric function and equations (33)- (38) that the series in equation (39) (and hence that in equation (32)) is absolutely convergent for all 1, p, and r. We also note that the method of this section can be employed for more general functions T:(r), provided they permit a convergent power series expansion in the range under consideration.
Znverseproble*prescribed H,(r)
In certain cases, we may have more information about the advance of the melt/solid boundary than about the temperature history of the mold surface. Such information might be obtained for example by examination of the crystal structure of the finished casting or from observations of the solid shells from an interrupted casting process. It is therefore of interest to consider the case in which the function H,(z) is prescribed and the perturbation in the mold temperature, T:, is to be found.
We note from equation (39) that if T: permits a power series expansion in powers of r, the corresponding perturbation in shell thickness can be expanded in a series of odd half powers of T. The simplest case of the inverse problem therefore occurs if the given function H,(r) has such an expansion, i.e. if H,(z) = f E,J"+"*.
II=0
It then follows that the temperature field can again be described in the form of equation (32). One equation for the unknown coefficients A,, B. is obtained by eliminating H, between equations (39) and (40) and equating coefkients of powers of z, to obtain
A second equation is obtained by eliminating H,(z), T,(1, 2) between equations (23), (32) and (40) giving 4A,Ln W(n + l/2,3/2) + B. W(n, l/2) = " (1/2+j+12%,
The solution of equations (41) and (42) is routine, after which the unknown perturbation in mold temperature T: can be recovered by substituting for A,, Bn into equation (32) (23), (43), and (44). We note that the series in equation (44) cannot contain a constant term, since the physical statement of the problem demands H, C-C He for all r (see Fig. 1 ) and Ho = 0 at z = 0. In equation (43), the second hypergeometric function can be expressed in terms of an Hermite polynomial.
More generally, the temperature distribution might be represented in integral form, treating LY (= 4s) as a parameter, i.e. (45) in which case the boundary conditions for either the direct or the inverse problem will lead to a pair of integral equations for the unknown functions A(s), B(s). As long as the sinusoidal perturbations in dimensionless shell thickness, H,, and mold temperature, T:, are sufhciently small, they are linearly related and hence a more general presentation of results can be achieved by plotting the ratio -H,W ATo HT=--HoM FI as a function of r. It is convenient to introduce a negative sign in definition (46), since a perturbation corresponding to a local increase in mold temperature will produce a local decreuse in solidified shell thickness.
DISCUSSIONS AND RESULTS
Figure
Results for various values of 1 are given in Fig. 3 . Notice that in the limit, Iz + 0, HT becomes independent of r, whereas at larger values of 1, HT decays with z, indicating that the sinusoidal component in the shell thickness grows more slowly than the mean thickness. The value of HT as z + 0 depends only upon the constants Ao, B. and is shown as a function of 1 in Fig. 4 .
As might be anticipated, an exponential variation in the sinusoidal component of the mold temperature   FIG. 4 . Growth rate of thickness perturbation at srnah vabrw of time. has a major effect on the growth of the corresponding term in the shell thickness, as shown in Fig. 5 for 1= 0.5. In cases where p > 0, the solution will of course only satisfy the smallness criterion (see equation (9)) for a limited period of time which depends upon the magnitude of the initial perturbation. Finally, we give some results for the inverse problem in which the solid/melt boundary is prescribed to grow according to the expression H,(r) = eOJr. The required perturbation in mold temperature as a function of time is shown in Fig. 6 for various values of A. In general, the variation in mold temperature must increase with time to preserve a constant growth in H,, as might be expected from the results shown in Fig. 3 . We note that e0 must be sufficiently small to ensure that ITfI/ATo << 1 for all z for the linear perturbation solution to be appropriate.
CONCLUSIONS
The heat conduction problem has been investigated in which a one-dimensional solidification process is 7 Fro. 6. The inverse problem. Mold temperature perturbation required to maintain a thickness perturbation, H,(r) = %JZ.
perturbed by the superposition of a small spatial sinusoidal variation in temperature parallel to the plane of the mold surface. In particular, solutions have been obtained for the temperature field and the advance of the solid/melt boundary for the case where the mold temperature varies sinusoidally with position. We also briefly discussed the inverse problem, in which the solid/melt boundary has a prescribed sinusoidal shape as a function of time and the corresponding mold temperature is to be found. The results of the present analysis can be used in determining the residual thermoelastic stress in a casting with a non-uniform mold temperature. This problem is the subject of an ongoing investigation.
